Abstract. We give a characterization of monic polynomials with coefficients in the ring of integers of a Galois number field having all of their roots on the unit circle. Such a characterization is given in terms of finitely many sums of powers of the roots of the considered polynomials.
INTRODUCTION
The question of determining when all the roots of a monic polynomial f (x) ∈ Z[x] lie on the unit circle is of great interest in number theory, especially in problems related to both the theoretical and computational treatment of the Schinzel-Zassenhaus conjecture and the so-called Lehmer problem. This conjecture and Lehmer's problem remain open in general but have been positively answered for certain classes of polynomials (see, for example, [1, 2, 4, 5, 6, 8] ). Interestingly, the size of the sum of integral powers S k (f ) := n j=1 α k j of the roots α 1 , . . . , α n of f (x) has proved to be useful not only in many of the above-cited works but also in giving a simple answer to the above-mentioned question in the case of reciprocal polynomials (i.e., f (x) = x deg(f ) f (1/x)). Concretely, Chowla [3] in 1966 proved the following theorem:
be a reciprocal polynomial of degree n, and let H := n + n m=0 |a m |. There exists a positive constant c that can be effectively determined, is independent of n and H, and such that if
then all the roots of f (x) lie on the unit circle.
This result was mainly a consequence of a clever use of Turan's second main theorem [5] and can be easily generalized to the case of reciprocal polynomials with coefficients in a number field. Since |S k (f )| n when f (x) has all its roots on the unit circle, Chowla's theorem provides a characterization of the reciprocal polynomials (not necessarily monic) with coefficients in a number field having all the roots on the unit circle in terms of the sizes of finitely many S k (f ). It also provides an explicit range for k (though that range depends on the height of f (x)) which is interesting from the computational point of view. Let us remark that the condition of f (x) being reciprocal cannot be removed: for example, if f (x) = n j=1 (jx − 1), then |S k (f )| n for all k, but not all the roots of f (x) are on the unit circle.
In view of the above-mentioned problems in number theory, Chowla's result and the computational advantages of working with the sums S k (f ) (due to the Newton identities), it would be interesting to consider the following questions. Let A ⊂ C be a ring. Can we give a characterization of the monic polynomials f (x) ∈ A[x] having all their roots on the unit circle in terms of finitely many sums S k (f )? If so, can we provide an explicit range where k varies independently of f (x)? How small can that range be?
In this work, we answer the above first two questions in the case where A is the ring of integers of a Galois number field.
Throughout this work, we denote by K a Galois number field of discriminant d K and by O K its ring of integers. Also, it is convenient to use the following notation: given a prime number p and a prime ideal p occurring in the factorization of pO K , we consider the decomposition group D(p|p) and the residue class degree [O K /p : Z/pZ] of p. Since K/Q is a Galois extension, all of these decomposition groups are conjugates to each other, and so they have the same order, which we denote by d p . Also, the residue class degrees have all the same value, and we denote this common value by r p .
As a direct consequence of Theorem 3 proved below, we have the following characterization. 
holds for all 1 j (8k) n .
